A mathematical model for multi-port wave rotors is described.
Introduction
The wave rotor is an internal flow machine designed to efficiently exchange energy between gas streams of differing energy density. The energy exchange is accomplished by compression and expansion waves which propagate longitudinally along shrouded rotor passages (see Fig. 1 ). The gas dynamic waves are initiated as the passages open and close to the steadyflow in the inlet and exhaust ports in a timed sequence dictated by the azimuthal location and extent of the ports (stators) and the rotor speed. At an inlet port, low pressure gas within a rotor passage is exposed to the high pressure gas in the inlet port and a compression wave moves into the passage and compresses the on-passage pressure, and exhausts the on-board gas to the outlet port. The charging and exhausting processes are exploited in the wave rotor to effect different gas cycles. These include three-port divider cycles, l'z various multiport (e.g., two-port, 3 four-port, 4"sand nine-port 6) cycles used to top gas turbine engines, and wave engines which produce net shaft power. The paper is arranged as follows: The mathematical model is first described.
Model predictions are then compared with CFD results and three-port experimental data. Finally, the model is used to design a four-port wave rotor for a small turboshaft engine topping cycle as a demonstration of model applicability.
Mathematical Model
assumed tobeatrestin therotorframe ofreference at thedefined end-states; thegasin these states maybe non-uniform anddiscontinuous (e.g., contain contact discontinuities). Gasparticles areassumed to travel alongpathsof constant radius.Theworkingfluidis treated asaperfect gaswitha constant ratioof specific heats(y). The rotorpassage wallsaretreated as adiabatic surfaces andvolumetric heat generation (e.g., bycombustion) is zero.
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a(o a(t)
I where e--e +-u'u is the specific total energy, t
2--
h ; e +pip is specific total enthalpy, e and p are the 
Wave Processes and Timing
The port timing--i.e, the leading and trailing azimuthal position of the ducts--is set by the specified wave position-time (x-t) diagram and the speed of the gas dynamic waves that effect the energy transfer in the wave rotor passages. 
Low pressure exhaust port
It is a good assumption (later enforced by design) in the wave rotors of this work that the gas in the (reference) passage about to open to the exhaust port is uniform and at rest in the rotor frame of reference. is characterized by the fan pressure ratio, e, or the ratio of uniform static back pressure (Pc) in the low pressure port and the on-board pressure, Pv. The principle fan initiated at t = 0 reflects off the wall (x=0) and the head (leading end) of the fan arrives back at the exhaust port at t = t,. In the uniform region 0_t_t, the II passage gas is discharged with uniform axial velocity given by
where A sl/R is the mass-averaged entropy produced in the boundary layers of the gas discharged in the uniform region--zero for the present discussion, but see later discussion in section on boundary layer loss R is the gas constant, and l"=y/(¥-l). 
((a,r)out). (12) pressure gain. In the pressure exchanger, the straightbladed rotor produces zero net power by design and the mixed-out total pressure of the low pressure exhaust port ((pt)o_t) is higher than the total pressure of inlet port flow ((pt)in).
The ratio of inlet and outlet port total pressures is a function of the ratio of total temperatures in these ports, the fan pressure ratio (e), the ratio of (13) arnixed-out total pressure using Eqns. 7-14.
inflow gas is subsequently compressed by the shock 
respectively, where moat/ra v is the fraction of State V mass discharged to the low pressure port, and where typically the inflow and outflow masses are either equal or related (e.g., in a gas turbine engine application, by a coolant bleed fraction fb = 1 "(rao,,/ra _) ). The relative temperature ratio is implicitly specified by specifying the total temperature ratio, fan pressure ratio, and a rotor Mach number (e.g.,
Mn v---g_r or
Ma, _ -f_rl(a)m), and the inflow and oiJtflow mass averaged-relative tangential velocity (wB); the port angles are ideally set so that at the design point where AsJR is the mass-averaged boundary layer entropy production during the exhaust port discharge process (see later discussion on boundary layer entropy production) and As /R is the entropy produced as the c$ undischarged fraction of State V gas is compressed by the coalescing waves reflected from the non-uniform region of the exhaust port; this entropy production is estimated using
As (18) where S (M2)IR is the entropy production in a shock The relative total temperature in the rotor inlet port is known in terms of the outflow total temperature and rotor Mach number and a specified relative velocity distribution; the ratio of the relative total temperatures across the coalesced shock can be calculated using the shock relations (at2r) e 1+ __-l(M2 -Ms z)
In and
where ,n (21) and where the shock Mach number M, is negative (for port orientation shown in Fig. 3 Only shock and non-uniform port flow mixing losses are accounted for in these "ideal" inviscid calculations in which gradual opening and closing, blade blockage, and incidence losses are neglected; the loss models of the including wave engines with net shaft power output, the same relative total pressure ratio versus relative total temperature ratio holds in the "ideal" limit. The next section describes the model of the high pressure ports that establish State V in the present work.
High Pressure Ports
The gas inside the passage at State Q experiences the gas dynamics indicated in the high pressure ports of In the case of the four-port cycle of Fig. 3a the principle shock first compresses the State C fluid which entered the rotor in the low pressure inlet port. As an incoming shock interacts with a contact---e.g., in the four-port, that between
States C and D--a shock wave is transmitted and a either a shock wave or an expansion wave is reflected, depending on the shock temperature ratio and direction (i.e., hot-to-cold or cold-to-hot). As the transmitted shock reaches the exhaust port end of the rotor, the high pressure exhaust port is opened (tg) and a reflected shock (of different strength than transmitted shock) is reflected.
The State C and D gases are recompressed by the reflected wave. The twice compressed States C and D gases now exit the rotor at the static back pressure dictated by the expansion wave. Meanwhile, the reflected shock wave compresses the oncoming inlet port flow. The inlet port is closed (t I) as the reflected shock arrives at the inlet (x = 0). The expansion wave is generated as the inlet port closes and the outlet port is closed (t h) a time tv (the reference time) later. Note that this expansion wave effects a nonuniform velocity region at the exhaust port analogous to that in the low pressure exhaust port.
Reverse-flow cycle. In the reverse-flow cycle shown in Fig. 3b These searches set the high pressure inlet port total pressure and temperature.
The total temperature of the high pressure exhaust port is calculated using a global energy balance (i.e., either Eqn. 2 or Eqn. 4 integrated once around the machine) for the machine. Note that any net work on (or by) the rotor will be made manifest in the energy balance, either through the integral in Eqn. The spatially-integrated entropy production at the rotor/exhaust port interface is inherent in a mixing calculation at the rotor exit (see is the mass-average of the local entropy production,
As IR, over the entire discharge process (0 _ t < _) in the_low pressure exhaust port. The expansion fan entropy production, Asf/R, identified in Eqn. 7, is the mass-average of the same local entropy production,
As /R, but now only during the portion of the discharge to the uniform velocity region (0 < t < t ) of a the low pressure exhaust port. The viscous losses internal to the rotor reduce the free stream velocity (through the influence of As lR in Eqn. 7) and increase the discharge static temper_[ture for a given fixed fan pressure ratio.
Boundary layerentropy production duringthelow pressure inletportcharging process andthecharging andexhausting processes in thehighpressure portsis estimated usingthe mass-averaged boundary layer entropy production in thelow pressure exhaust port (AsbtlR)andthescaling (here for laminar flow) 
where (ASbtlR)t is the mass-averaged boundary layer entropy production of the /_ port, implying that more pressure is required to overcome the loss; the pressure in the high pressure exhaust port is similarly reduced.
Blade Blockage
The finite blade thicknesses are typically 7 to 15% of the passage width and provide blockage that results in total pressure loss and influences port mass flow rates by reducing rotor flow area. The total pressure loss for flow entering the rotor is low for the axial Mach numbers (< 0.3) typical of wave rotors and is neglected in this work. In the outflow ports, a quasi-static mixing calculation for the model problem shown in Fig. 5b provides an estimate of entropy production due to sudden area increase. This calculation combines with the viscous calculation above to simulate losses due to blade wakes. The base pressure shown in Fig. 5b is calculated using
where pf and uf are the static pressure and axial velocity at the rotor exit, Pb is the base pressure, and c b is a constant (0.15 in this work [el. Ref. 22] Fig. 6a .
During the gradual opening, the passage is partially exposed to the port flow and partially exposed to the end-wall where the static (base) pressure (see Eqn . 24) is dependent on the port flow conditions. A simple mixing calculation provides an estimate of entropy production during the passage opening or closing by neglecting the effect of gas dynamic waves during this time.
(These include expansion waves that propagate into the inflow port and reduce the total pressure of the incoming fluid, compression waves that move into the passage during the passage gradual opening, and shocks emitted into the inlet port during passage gradual closing) 4) Further, although total pressure of the fluid entering partially opened passages is nominally lower than that in the port free-stream due to boundary layer growth on the port walls, the flow is assumed to enter the rotor with the mean port flow properties.
The total entropy produced during the passage opening process is obtained by integrating in time the entropy produced in quasi-static, constant-area mixing of the port flow and base pressure fluxes of the partially opened passage (see Fig 6a) . Dividing the integrated entropy production by the mass of the gas entering the passage during the gradual opening (m) provides the mass-averaged specific entropy production (As/R) of the gas entering during the gradual opening. A corrected inflow port total pressure is then obtained from (P t,r) _,_ = (P t,)o_ e (m'lran')As'lR (25) where the "new" inlet port total pressure is higher than the "old" pressure calculated earlier and ml, here represents the mass entering the wave rotor passage as it traverses the port. Note that because the flow entering the passage is assumed uniform, and because the base pressure is based on the port flow only, the entropy produced during passage opening and closing are the same so that typically As /R is simply doubled to account for both opening add closing in a given port.
Outlet Ports. Figure 6b shows a model for the effect of gradual opening in an outflow port. Entropy is produced in a mixing calculation for the mixed-out properties at the passage exhaust, where again, the reflection of the incoming waves has been neglected.
Although little entropy is produced during the partial exhaust process, the gradual opening effects non-uniform mass, momentum, and energy distributions and thus increases the entropy produced in the global mixing in the outlet port (discussed above). Further, the passage gradual opening and closing reduces the discharged mass (when compared to that from an instantaneously opened passage) for a given fan pressure ratio and port timing; this reduces machine performance at a fixed ¢.
The reduction in discharged mass might be recovered by increasing the fan pressure ratio (reducing e); however, in doing so, typically viscous losses are increased, so that, a new optimum e may be realized, but original (zero opening time) performance is not recovered.
Incidence Loss
It is assumed that the wave rotor duct angles are designed so that at mid-span the flow enters the (pt,r) 2, is less than the local port total pressure, (pt,r)f
The net total pressure loss due to incidence is obtained by calculating a mass-averaged pressure ratio using the hub-to-tip distribution of local pressure ratio (Pt r)2/(Pt r)l" Given the inlet port conditions, a new total pressure is calculated using the mass-averaged pressure ratio, reflecting that higher total pressure is required to drive the flow due to the incidence loss•
Application to a Three-Port Wave Rotor
A three-port divider cycle divides a medium total pressure (pt,in) inlet stream into two streams, one of higher total pressure (pt,hi) and one of lower total pressure (pt,to). As shown in Fig. 2b , the medium and high pressure ports use the same wave diagram as the through-flow high pressure ports (Fig. 3a) ; however, in the three-port, the mass discharged from the high pressure exhaust port is equal to a fraction 13-mJm of the medium pressure inlet flow and may include part or all of State Q fluid and part or none of the high pressure inlet flow. The remaining mass (1 -13) m. is
• in that discharged from the low pressure port. Figure 7 shows a plot of the pressure ratios pt,la/pt,i n and intended only to illustrate that the qualitative trend of the model predictions and the loss levels are similar. Indeed, it would be expected that the results of the present work would everywhere over-predict the actual machine performance, suggesting that in this case the predicted entropy production levels (e.g., boundary layer loss) are too high. Although beyond the scope of the present work, this suggests using empirical constants to "tune" the entropy production models using experimental data or results from calibrated codes (e.g., that of Ref.
13).

Wave Rotor Design Application
The computational efficiency and accuracy of the described wave rotor model makes it amenable to engine system design-point studies. Consider an example small turboshaft engine with 2390 R turbine inlet temperature (length-to-tip width) ratio, and the hub-to-tip ratio.
Before focusing attention on the point design for the example engine, however, it is insightful to consider first the relative impact of loss mechanisms using values for these non-dimensional parameters typical of optimized machines.
The impact of coolant bleed fraction is also assessed. Figure 8 compares predicted absolute total pressure ratio versus mass discharge fraction. Each point, on each curve, corresponds to an on-design wave rotor operating at a fixed fan pressure ratio or mass discharge fraction. Here the opening time is zero and an example passage aspect ratio of 16:1 (rotor length-towidth at rotor tip) is used. The impact on pressure ratio is similar to the example opening time loss; however, the mass discharge fraction is not reduced as severely.
Incremental
Impact of Loss Mechanisms
Note that with the hub-to-tip ratio still set at unity, the influence of the hub and tip wall boundary layers is not 
Point Design
In order to carry out the wave rotor design at the 5.0 lbm/s engine mass flow rate, the fan pressure ratio is first fixed at 0.4 based on the analysis above.
The point design is carded out for a machine with two cycles per rotor and an example coolant bleed fraction of 6.9%.
(In a more detailed analysis, the selection of the number of cycles per rotor might well be influenced by duct weight, cooling, and aerodynamic issues that will impact a figure-of-merit for the overall engine system.) The rotor length and hub-to-tip ratio are varied parametrically.
For each rotor length and hub-to-tip ratio combination, the optimum rotor passage aspect (length-to-tip width) ratio is determined by searching from some lower value (usually 10) incrementally upward. The pressure ratio increases monotonically with passage aspect ratio until a maximum is reached. At each aspect ratio, an inner iteration determines the one rotor Mach number that satisfies the 5.0 lbm/s specified inlet mass flow rate requirement. Figures 9 and 10 present the results of this parametric analysis. Figure 9 compares the pressure ratio versus rotor length for wave rotors of various hub-to-tip ratios. Each point, on each curve, corresponds to an on-design 5.0 IbJs wave rotor point design. Figure 9 shows that an optimum hub-totip ratio exists somewhere between the 0.6 hub-to-tip ratio and 0.9 where performance is clearly lower than at the 0.667 or 0.8 hub-to-tip ratios.
It is noted that performance is slightly higher at the optimum of 9 or 10 inch rotor length on 0.8 hub-to-tip ratio as compared to the optimum at 8 or 9 inches on the 0.667 curve; however, considering that rotor tip radius grows nearly quadradically with increasing hub-to-tip ratio and that the optimum rotor length is also seen to grow with hubto-tip ratio, the 0.667 rotor curve is selected in order to minimize rotor size and weight.
Further, although the optimum pressure ratio on the 0.667 curve occurs near rotor length of 9 inches, nearly the same performance is realized at 7 inches; again, for weight considerations then, the 7 inch length is selected for the design point.
In Fig. 10 the rotor length is fixed at 7 inches and the hub-to-tip ratio is varied to narrow in on the optimum.
Remarkably, the optimum occurs at 2/3. Table 2 provides the point design for the 5.0 lbm/s wave rotor with an example coolant bleed fraction of 6.9%. The wave rotor pressure ratio is 1.204 at a mass discharge fraction of 0.528.
Summary
A wave rotor model based on macroscopic mass and energy balances, one-dimensional gas dynamic wave processes, and entropy production models is described.
Comparisons with 1-D CFD calculations show that the model accurately predicts the wave rotor pressure ratio for the "ideal" case that accounts only for entropy production in shock waves and in mixing non-uniform exhaust port flows. Simple loss models that account for entropy production in boundary layers and in separating flows caused by passage gradual opening and closing, blade blockage, and incidence were described. The relative impact of these loss mechanisms was estimated.
Comparison of model predictions with three-port divider cycle experimental data indicated that entropy production was slightly over-predicted by the loss models; though beyond the scope of the present study, this suggested tuning the loss models using empirical factors. The modeling approach presented in this work readily accommodates improvements to the entropy production models. Future loss modeling should address leakage and heat transfer.
The wave rotor model requires minimal computational investment, making it well suited for parametric studies.
An example wave rotor point design illustrated the applicability of the model to wave rotor design and optimizationl
The described wave rotor model has been integrated into a system code which estimates the benefit of wave rotor topping in turboshaft engines. For example, the system code shows that wave rotor topping increases the shaft horsepower of the engine considered in the example design application by 19% with a concurrent 17% reduction in specific fuel consumption.
Future work will likely extend the engine system code to include wave rotor weight estimates with an aim toward optimizing wave rotor geometry on a power per engine weight basis.
Future effort should also extend model capability to off-design performance predictions. Indeed, by fixing the wave rotor geometry (e.g., rotor length and tip radius, passage aspect ratio, and hub-to-tip ratio) at the optimized design-point geometry, the current model might well provide a good first approximation to offdesign performance, even though the port timing is readjusted at each off-design condition. A next step would involve fixing both rotor geometry and port timing in order to include the performance impact of mis-timed waves.
Finally, the model presented in this work is applicable to wave engines with aerodynamic blading that produce net shaft power rather than pressure gain. Near term future work should seek to characterize the wave engine, in terms of design and expected performance levels, using the macroscopic balance modeling approach presented here.
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